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Abstract

inversion, which has been studied by many researchers.

Sharp boundary inversion is a relatively difficult problem in magnetotelluric (MT) and other geophysical
We analyze the focusing inversion which is based on the
minimum gradient support functional provided by Zhdanov, M. S. (2004), and introduce a diagonal gradient support
into the objective function to improve the presentation of oblique geo-electrical interface. Certain models are designed
to test this method in the paper. Compared with the results inversed by the focusing inversion without diagonal
gradient support, the shape of oblique geo-electrical interface really displays better, this new algorithm is also
proved to be stable and practical. Meanwhile, in order to improve the computing efficiency, reciprocity theorem is

used to calculate sensitivity matrix, and regularized conjugate gradient method is introduced to solve the objective

functional minimum.
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1 Introduction

At present, 3D MT forward modeling and
inversion is the highlight. However, because of
the complexity and lack of computing power in 3D

1D and 2D

commonly used to

inversion, inversion methods are

solve the most practical

problem, and 2D inversion methods are more
popular. For 2D inversion, how to get the rapid
and stable inversion results and the clearer geo-
electrical interfaces are still the research focus.

Predecessors introduced lots of methods in how to
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the speed and the stability of the
inversion, such as;: OCCAM inversion provided by
Constable' and deGroot-Hedlin'®! ; RRI provided by
Smith and Booker; REBOCC provided by
Siripunvaraporn and Egbert'; NLCG provided by
Rodi"™, ABIC method provided by Ogawa'® and
Uchida'™, and so on. At the same time, experts
have proposed and developed the Monte Carlo

improve

method, artificial neural net’®, simulated annea-
ling (SA)™ and multiresolution inversion''® in

China. These

objective function based on the smoothest stable

methods often introduce model

functional, so the results are much smooth and
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couldn’'t represent the geo-electrical interface
clearly which make it difficulty in the geophysical
and geological interpretation. Thus sharp boundary
inversion is being researched by more and more
experts.

The most famous method in sharp boundary
inversion is provided by de Groot-Hedlin"""'. This
method represents the earth subsurface in terms of
2D model consisting of a limited number of layers
with laterally varying thickness in each survey
point and each layer having uniform resistivity.
The inversed parameters are the resistivity and the
depths of each layer under each survey point. In
order to make the inversion stable and avoid the
false structures, the differences in the resistivity
between adjacent layers and the lateral variation in
layer depth are both penalty. This inversion
method is effective for layer models. However, the
method requires number of layers before the
inversion starting, so if the priori information isn't
correct, the result will be incorrect. It also has the
limitation in block body inversion and is inconvenient

Meanwhile,
[12]

to calculate the sensitivity matrix.
Farquharson used L., norm to solve this problem
It represents the clear electrical interface in the
result, but the boundary can’ t be accurately
positioned and the shape of block bodies often has
a distortion. Therefore it is hard to be used in the
practical application.

The focusing inversion method™*~**! based on
the minimum gradient support functional offers a
path to solve the problem how to display the
electrical interface clearer. Liut*'" developed it and
makes it reflect a relative superiority on solving the
sharp boundary inversion. However, in general
focusing inversion only vertical and horizontal direction
gradient will be calculated, the characterization of the
oblique electrical interface will lack of representation.
In the basis of focusing inversion, we analyze the
construction of the objective function by taking 45° and
135° diagonal gradient support into consideration and
study a new inversion method to represent the clearer
and more accurate oblique geo-electrical interface.

2  Algorithm

2.1 Model construction

Using vertical division lines along surveyed
line direction depending on the interval distance of
the surveyed points or at your will, the horizontal
division lines along depth direction which may be
set enough dense and fixed to satisfy the modeling
accuracy, 2D resistivity model could be divided

into many rectangle units in accordance with its
property distribution. If the values of resistivity of
each unit are filled, then its MT field response
produced on the earth’'s surface can be calculated.
The inversed parameters are resistivity in each
s Ou—1 Pn)-
resistivity, n is the number of the units.

2.2 Forward modeling and sensitivity matrix

calculation

unit: model= (o1 5025055 ** Where p is

Numerical computing of MT forward modeling

procedure is realized using finite elements

method-®1%,

model construction.

which coincides with the division of

To speed up the calculation of the sensitivity
matrix for 2-D MT inversion using finite elements,
the principle of electromagnetic reciprocity is

L2021 The governing relationship for the

applied
Jacobians of the field along strike is obtained by
differentiating the Helmholtz equation with respect
to the conductivity of each region in the finite
element mesh. According to the principle of
electromagnetic reciprocity, the roles of sources
and receivers are interchangeable. Ultilizing reciprocity
theorem, the field values obtained from the original
forward problem and for new unit sources imposed
at the receivers are then utilized in the calculation
of the Jacobian matrix by simple multiplication and
summation with finite-element terms at each
rectangle in the mesh. Reciprocity decreases the
computational expense of Jacobian matrix to the
order of the number of stations of interest.

2.3 Definition of the weighting matrices for the

model parameters and data">*

To solve the sensitivity of the data to the
perturbation of one specific parameter m,, we
apply the relationship between variational data 8d;
and variational model parameter dmy,: 8d; = Fy.0m,
and F;, are the elements of Frechet matrix.

So the integrated sensitivity S, of the data to
the parameter m, as the ratio can be determined:

[ DV (Fu)?om,

om,

_led |l _
S, = o= = Z<F5k>2.<1>

matrix with the

And the

elements equal to S, is called an integrated

sensitivity matrix S: § = diag( /E (F,k)z) =

diag(F'F)* .
We identify a weighting matrix for the model

diagonal diagonal

parameters as the diagonal integrated sensitivity
matrix: W, = [W,]=[S,]=S8. Thus we can
introduce the weighted model parameters as: m* =
W.m.
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Using these notations, the inverse problem
can be written as: d = AW,'W, m = A"m".

Thus a new integrated sensitivity will be
calculated as:

lod | / E (Fy) omy
P = : = 5 Fyv)? =
Si omy omy A\ = (Fio

[ D F WD =W [DT(F0 = W'S, = 1

(2)

Therefore, data are uniformly sensitive to the new

weighted model parameters.

In the similar way, we can define the diagonal
data weighting matrix as; W, = diag(FFT)%.

In order to reduce the computation, the
weighting matrices are calculated only once and
then they keep unchanged.

2.4 The theory of sharp boundary inversion base
on minimum gradient support
2.4.1 e

In geophysical inversion, in order to solve the

Theory of regularization problem'?-*

problem of stable and non-uniqueness, the regularization
theory is introduced:

Pitm) = ¢(m) +as(m), 3
where, m is model, ¢(m) is data misfit functional,
s(m) is model objective functional, P*(m) is para-
metric objective function, « is the regularization
factor.

2.4.2 Theory of focusing inversion method*~*
The objective function of focusing inversion
could be written as:

Pm) = |Am) —d ||* +as(m), 4)
where d is data, A (m) is the result of forward
modeling.

The stabilizing S(m) is:
Stm) = (w(m)(m —m,,.) ,w(m)(m —m,,))

= [om)(m—m,) ||, (5)
where
wlm) = 2 lszm 2 271/2 °
(Vm e+ Vm+p* 1" [(m—m,)" +p*]"
(6)

is the matrix elements of the minimum gradient
support functional, Vm is the gradient of model, 8
is a small number, m and m,,, are model parameters
and priori model parameters, respectively.

The property of the minimum gradient

support functional can be used to increase the
resolution of blocky structures. For the effect of
gradient support, the minimum gradient support
functional could help to generate a sharp and
focused image of the inverse model. Fig. 1 illustra-
tes this property of the minimum gradient support

functional.
Gradient Gradient
support support
[ |
True model |
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Fig. 1 Effect of the gradient support

2.4.3
In a general focusing inversion, only vertical

With diagonal gradient support

and horizontal direction gradient will be calculated.
In this paper, we calculate the 45° and 135° diago-
nal gradient support (Fig. 2) and add it to the
minimum gradient support functional. Thus the
oblique geo-electrical interface could be represented
clearer and better.

J
Az,
] Az
i+1
d Az,

i1

Ax; DXy
Fig. 2 Direction of diagonal gradient

The mesh comprises m X n cells. Thus the
gradient of model could be modified as:
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+ (7n;+1.,+1 - mi.,j)
(7”1.,, - m[.jfl) + <m[+l.;
+ (miﬂ.,‘—l - ”li.])
—m;;) + Gm

-+ (7n;+1,j+1 —m;,; )

(mm.]

(m,-,] —m; 1.,,) + (mf.,,ﬂ

+ Gmy; — M)

Gng o0 —my ;) + Gy —m;) + Gngy —mg ) + Gy — om0
j=1,1<<i:<<m

—m;;) + (m,;
j=n,1<<i<m

—m;;) + Gmy —my ) + Gng o0 —my;)
i=1,1<<j<n

—m;;) + Gmy
i1=m,l <<j<mn

- m,‘fl,_,’) + (m,',_,' - 7’)1,71,]71)

—m,;; 1) + (m;., —m;, 1)

Vm = Vm;,; = . .
i=1 j=1 ' (miﬂ.J *77’1,,,') + (777,.j+1 77”:’.]) + (7)11'4»1.]71 *77’11.1') =1, =1
(mi.J - 777;71,,’) + (m(,jﬂ - mi.J) + (mi.] - 7ni71.j+1) t=m,; =1
(7ni+1., - ml’,j) + (m,»,,» - 7”1’.]‘71) + (mzﬂ.ﬁl - m,»,/») t=1,5=mn
(m;; —mim ) + Gmyy —mi ) + Gmy; —msy =) i = m,j =n
Gmi; —miy )+ CGugp; —may) =+ Gng g —mg ) + Gy — mg )
+ (7ni+1,j+1 - mi.]) + (mi+1.ﬁl - ml,j) + (m;,j - mifl.jﬂ) + (7ni.] - 7771‘71,1’71)
else
And Fig. 2 shows the direction of the diagonal divergence and make the iteration more stable.
gradient.
2.5 Solving minimum of the objective functional by 3 Synthetic Model Test
RCG

Regularized conjugate gradient (RCG) me-
thod"#~%) is used to solve the objective func-
tional minimum. This procedure insures the
convergence of the inversion and enhances the
stability and speed of inversion calculation.

The main scheme of RCG method is as
follows:

Suppose m is model parameters, n is the

iteration number, and

m,, = m, + Am, = m—I;l, D)
where I is the conjugate gradient direction, kis step
length.

To determine i, the direction of the steepest
ascent should be calculated first. And the direction
of the steepest ascent can be written as;:
l,=1(m,) = FI, (A(m,) —d) JraWRTW((m,, — M)

€))

where d is data, A (m) is result of forward
modeling, F, is the Frechet matrix, W, is a matrix
of the stabilizer.

Thus, iis described as:
L, =0lm)=1+p1_:l, =1, 9

where3, = | L | */ [ 1, || * is a parameter.
The expression of the step length &
b = UL UD T
F L alW., |

Thus, the model will be updated until we get
an acceptable result. We can also limit the range of
the model

parameters to avoid the case of

3.1 Oblique boundary model

Fig. 3a is the designed model representation.
Some of the inversion parameters are: 12 frequencies
points (0. 01,0. 03,0.1,0.3,1,3,5,10,15,30,50,
100 Hz), the mesh comprises 58 X 40 cells. The
initial model is the half space whose resistivity is
500 Qm.

After 10 iterations, the overall objective func-
tion of our result satisfies the accuracy with the
value of 0. 01015, and it is illustrated in Fig. 3b.
Comparing with smoothest inversion ( OCCAM
inversion) in Fig. 3c, although the RMS of the
OCCAM inversion is 0.01201, which is similar
with our result, after same iterations, we can find
that the geo-electrical interface is more clearly
revealed.

3.2 Triangle model

The model is shown in Fig. 4a. It is the same
example as Ref. [12]. The mesh comprises 80X 65
cells and extends from — 12 km to 12 km in the
horizontal direction and from —12 km to 10 km in
the vertical direction (the earth-air interface at 0).
The central mesh comprises 60 X 40 cells and
extends from —5 km to 5 km in the horizontal
direc-tion and from 0 km to 5 km in the vertical
direction. The shape of the blocky body is isosceles
right triangle, the vertical right-angle edge extends
from 0. 5 km to 2. 5 km and the horizontal one
extends from —0.5 km to 1.5 km. Smoothest
inversion (Fig. 4b) and sharp boundary inversion
(Figs. 4c,4d) all use the data which comprises
apparent resistivity and impedance phase of the E-
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polarization at 12 frequencies points as the former

example. Gaussian random noise of standard
deviation equal in magnitude to 1% of a datum is
added to make the data set that is to be inverted.
The 100 Qm half space is used as initial model and
the range of the value of model parameters is from 0
to 500 OQm.

Fig. 4b shows the boundary of the blocky body

in the result of smoothest inversion ( OCCAM

inversion). It exists a false image. Farquharson
(2008)M* has used L; norm to solve this model,
the result shows that the electrical interface is
clear, however, the shape of the blocky body is
distorted so that it can’t be shown as isosceles right
triangle. Comparing with smoothest inversion, the
result of the inversion based on the method in this
paper (Fig. 4c) seems better. The geo-electrical

interface is clearer and the blocky body can be
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Oblique boundary model and inversion results

(a) Designed model; (b) Inversion result of SBI by adding diagonal gradient support;

(¢) Inversion result of smoothest inversion.
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Fig. 4 Triangle model and inversion results
(a) Model according to Ref. [11]; (b) Inversion result of smoothest inversion; (c) Inversion result of SBI by
adding diagonal gradient support; (d) Inversion result of SBI without diagonal gradient support;
(e) Data misfit error curve with iteration; (f) Overall objective function curve with iteration.
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distinguished. Meanwhile, comparing with the
result in Farquharson's paper, the boundary of the
result is as clear as Farquharson’ s result,
moreover, the shape of the inversed blocky body of
our result isn' t distorted, each edge is accurate
positioned. At the same time, we do the inversion
by adding diagonal gradient support and without
diagonal gradient support (Fig. 4d). The figures
have shown the difference between them. The
result adding diagonal gradient support has the
better effect in representing the oblique geo-
electrical interface.

Fig. 4e and Fig. 4f are data misfit error curve
and overall objective function curve with iterative
numbers for result of SBI by adding diagonal
gradient support. After 20 iterations, values are
about 0.01 and 0.05 respectively. It is smaller
than the value of OCCAM inversion which are 0. 03
and 0. 075 after 20 iterations. Therefore, the result of
SBI by adding diagonal gradient support can fit the
needs of inversion.

The complex models are also used to test this
algorithm, and the results show that the algorithm

in this paper is effective in these models.

4 Conclusion

Based on the theory of focusing inversion, we
introduce the diagonal gradient support to the
model objective functional. The algorithm can
make the geo-electrical interface and the blocky
body be shown clearer and more accurate, and it is
also stable during inversion. Thus the problem
that the oblique geo-electrical interface couldn’t be
inversed clear in the general MT inversion could be
solved. Some models are designed to test the
feasibility and efficiency of this algorithm. In
accordance with the results, we can know the
algorithm could really improve the representation
of the oblique geo-electrical interface compared
with the results of smoothest inversion and
published papers. And it provides a path to solve
this problem in practical application.
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